Under some weaker conditions of the ϕ, some common fixed point theorems for weakly compatible mappings are established in Menger probabilistic metric spaces. Using the CLRg property, our results show that the completeness of underlying spaces is not necessary for fixed point theorems. In order to illustrate our results, we provide two examples in which other theorems cannot be applied.
Introduction
Fixed point theorem for probabilistic k-contraction was first studied in 1972 by Sehgal and BharuchaReid [14] . This is a probabilistic version of the classical Banach Contraction Principle. Later on, many authors obtained some fixed point theorems for probabilistic ϕ-contraction, which is a natural generalization of probabilistic k-contraction. But, many results are obtained under the assumption that ϕ satisfies ∞ n=1 ϕ n (t) < ∞ for all t > 0 and some other conditions (see, e.g. [3, 6, 7, 11] ).Ćirić [2] has pointed out, the condition ∞ n=1 ϕ n (t) < ∞ for all t > 0 is very strong and difficult for testing in practice. In [2] ,Ćirić improved the condition by introducing condition (CBW): ϕ(0) = 0, ϕ(t) < t and lim inf r→t + ϕ(t) < t for all t > 0. Later, Jachymski [8] presented the condition (a): 0 < ϕ(t) < t and lim n→∞ ϕ n (t) = 0 for all t > 0. In order to weaken the condition (a) further, Fang [4] introduced the condition (b): for each t > 0 there exists r t such that lim n→∞ ϕ n (r) = 0 in the context of Menger probabilistic metric spaces and fuzzy metric spaces. The condition (b) is a quite weak condition.
However, the results in [2, 4, 8] need the completeness of underlying spaces. Under the CLRg property, it is not necessary to assume the completeness of the spaces, which is an important advantage compared with the most of theorems in fixed point theory. For example, Sintunavarat and Kumam [15] coined the idea of common limit in the range property (called CLRg) in an usual metric space in 2011. In 2012, Jain et al. [9] extended the concept of CLRg property in the coupled case and also established a common fixed point theorem for weakly compatible mappings in fuzzy metric spaces. Most recently, Hierro and Sintunavarat [12] generalized the results in [9] by using the generalized contractive conditions and the CLRg property in fuzzy metric spaces. We also remind the reader of the following facts: (i) results in [9] are obtained under the condition ∞ n=1 ϕ n (t) < ∞ for all t > 0; (ii) Hierro and Sintunavarat [12] obtained the common fixed point for weakly compatible mappings under the condition ϕ(t) > 0 and lim n→∞ ϕ n (t) = 0 for all t > 0.
Motivated and inspired by results of papers [2, 4, 8, 9, 12, 14, 15] , we establish some new common fixed point theorems for weakly compatible mappings in Menger probabilistic metric spaces by using the CLRg property and the condition (b). Our results show that the completeness of Menger probabilistic metric spaces is not necessary for fixed point theorems. In order to illustrate our results, we provide two examples in which other theorems cannot be applied.
Preliminaries
In order to fix the framework needed to state our main results, we recall the following notions. Throughout this paper, let I = [0, 1] subset of R, R = (−∞, +∞), R + = [0, +∞), and N be the set of all natural numbers. For brevity, f(x) and g(x) will be denoted by fx and gx, respectively. Let Φ denote the family of all functions ϕ : R + → R + verifying the condition (c): ϕ(t) > 0 and lim n→∞ ϕ n (t) = 0 for all t > 0, and let Φ w denote the class of all functions ϕ : R + → R + satisfying the condition (b), i.e., for each t > 0 there exists r t such that lim n→∞ ϕ n (r) = 0.
Obviously, the condition lim n→∞ ϕ n (t) = 0 for all t > 0 implies the condition (b). The following example shows that the reverse is not true in general. Hence Φ ⊆ Φ w .
Example 2.1 ([4]
). Let the function ϕ : R + → R + be defined by
Notice that ϕ ∈ Φ w but ϕ / ∈ Φ.
Lemma 2.2 ([4]
). Let ϕ ∈ Φ w , then for each t > 0 there exists r t such that ϕ(r) < t.
A mapping F : R → R + is called a distribution if it is non-decreasing left-continuous with sup t∈R F(t) = 1 and inf t∈R F(t) = 0. The set of all distribution functions is denoted by D, and
A mapping f : X → X is called a probabilistic k-contraction if it satisfies F fx,fy (kt) F x,y (t) for all x, y ∈ X and t > 0, where k ∈ (0, 1). A mapping f : X → X is called a probabilistic ϕ-contraction if it satisfies F fx,fy (ϕ(t)) F x,y (t) for all x, y ∈ X and t > 0.
Definition 2.3 ([13])
. A triangular norm (also called a t-norm) is a map * : I 2 → I that is associative, commutative, non-decreasing in both arguments and has 1 as identity. A t-norm is continuous if it is continuous in I 2 as mapping. If a 1 , a 2 , . . . , a m ∈ I, then *
For each a ∈ [0, 1], the sequence { * m a} ∞ m=1 is defined inductively by * 1 a = a and * m+1 a = ( * m a) * a for all m 1.
Remark 2.4 ([12]
). If m, n ∈ N, then * m ( * n a) = * mn a for all a ∈ I.
Definition 2.5 ([5])
. A t-norm is said to be of H-type if the sequence { * m a} ∞ m=1 is equicontinuous at a = 1, i.e., for all ε ∈ (0, 1), there exists η ∈ (0, 1) such that if a ∈ (1 − η, 1], then * m a > 1 − ε for all m ∈ N.
Definition 2.6 ([10])
. A triplet (X, F, * ) is called a Menger probabilistic metric space (for short, Menger space) if X is a nonempty set, * is a t-norm, and F is a mapping from X × X into D + satisfying the following conditions (for x, y ∈ X, we denote F(x, y) by F x,y ):
• F x,y (t) = H(t) for all t ∈ R if and only if x = y;
• F x,y (t) = F y,x (t) for all t ∈ R;
• F x,y (t + s) F x,z (t) * F z,y (s) for all x, y, z ∈ X and t, s > 0.
We opt the following notation from [3, Lemma 2.6]: a sequence {x n } in X is said to be T -convergent to x ∈ X (we write x n T − → x or lim n→∞ x n = x) if lim n→∞ F x n ,x (t) = 1 for all t > 0; {x n } is called a T -Cauchy sequence if for any given ε > 0 and λ ∈ (0, 1], there exists N = N(ε, λ) such that F x n ,x m (ε) > 1 − λ, whenever n, m N; (X, F, * ) is said to be complete, if each T -Cauchy sequence in X is T -convergent to some point in X.
Lemma 2.7 ([4]
). Let (X, d) be a metric space. Define a mapping F :
In the next section, we also use the following definitions.
Definition 2.8 ([1]
). We will say that the maps f, g : X → X are weakly compatible (or the pair (f, g) is w-compatible) if fgx = gfx for all x ∈ X such that fx = gx.
Definition 2.9 ([12]
). Given f, g : X → X, a point x ∈ X is said to be:
• coincidence point of f and g if fx = gx;
• common fixed point of f and g if fx = gx = x.
Definition 2.10 ([4]
). A function ϕ : R + → R + is said to be right-locally monotone if for each t ∈ [0, ∞) there exists δ > 0 such that ϕ is monotone on [t, t + δ).
Definition 2.11 ([4]).
A function f on R is said to be piecewise monotone if there exists a partition of
. These subintervals are called monotone subintervals of f.
Main results
In this section, we state and prove some new common fixed point theorems for weakly compatible mappings in Menger spaces by using the CLRg property and the condition (b). Now we introduce the CLRg property in Menger spaces as follows.
Definition 3.1. Let (X, F, * ) be a Menger space. Two mappings f, g : X → X are said to have the CLRg property if there exists a sequence {x n } ⊆ X and a point z ∈ X such that fx n T − → gz and gx n T − → gz as n → ∞. Theorem 3.2. Let (X, F, * ) be a Menger space with a continuous t-norm * and let f, g : X → X be mappings having the CLRg property. Assume that ψ : I → I is a continuous and non-decreasing function and satisfies ψ(1) = 1. If there exist N ∈ N and ϕ : R + → R + such that for each t > 0 there exists r t verifying ϕ(r) t and
then f and g have a coincidence point.
Proof. Since * , ψ, and F x,y (t) are non-decreasing, it follows from (3.1) that
As f and g have the CLRg property, there exists a sequence {x n } ⊆ X and a point z ∈ X such that fx n T − → gz and gx n T − → gz as n → ∞. That is lim n→∞ F gx n ,gz (t) = 1 for all t > 0. By the continuity of * and ψ, we have for all t > 0, lim
Therefore, fx n T − → fz as n → ∞. By the uniqueness of the limit, we deduce that fz = gz and z is a coincidence point of f and g.
In the following corollary, ϕ is a special case of the ϕ used in Theorem 3.2. where f and g are two self-mappings from X to X, then ϕ n (t) > 0 for all n ∈ N and t > 0.
Proof. If there exists some t 0 > 0 such that ϕ(t 0 ) = 0, it follows from (3.2) that
which is a contraction. So, ϕ(t) > 0 for all t > 0, which implies that ϕ n (t) > 0 for all n ∈ N and t > 0.
Theorem 3.5. Let (X, F, * ) be a Menger space such that * is a continuous t-norm of H-type and let f, g : X → X be weakly compatible mappings having the CLRg property. If there exist ϕ ∈ Φ w and N ∈ N verifying the condition (3.2), then f and g have a unique common fixed point.
Proof. As ϕ ∈ Φ w , by Lemma 2.2, for each t > 0 there exists r t such that ϕ(r) < t. Since f and g have the CLRg property, taking ψ(t) = t in Theorem 3.2, there exists z ∈ X such that fz = gz. For brevity, we denote w = fz = gz. We shall prove that w is the unique common fixed point of f and g. Since f and g are weakly compatible mappings, we have fw = fgz = gfz = gw. We claim that F fw,w (ϕ n (t)) * N n F fw,w (t) for all t > 0 and n ∈ N.
That is obvious for n = 1. In fact, by (3.2), we get for all t > 0,
Suppose that (3.3) holds for some k ∈ N. Using Remark 2.4, Proposition 3.4, and (3.2), we have for all t > 0,
which completes the induction. Hence (3.3) holds. Since * is a t-norm of H-type, for any ε ∈ (0, 1) there exists η ∈ (0, 1) such that
Owing to F fw,w (t) → 1 as t → ∞, there exists t 1 > 0 such that F fw,w (t 1 ) > 1 − η. Since ϕ ∈ Φ w , there exists t 2 t 1 such that lim n→∞ ϕ n (t 2 ) = 0. Thus, for any t > 0, there exists n 0 ∈ N such that ϕ n (t 2 ) < t for all n n 0 . From (3.3) and (3.4), we get for all n n 0 and t > 0,
which implies that F fw,w (t) = 1 for all t > 0. So, fw = w and w is a common fixed point of f and g. To prove the uniqueness, let y ∈ X be another common fixed point of f and g, that is fy = gy = y. On using same argument which used to establish claim (3.3), we can prove that F w,y (ϕ n (t)) * N n F w,y (t) for all n ∈ N and t > 0. (3.5)
Since F w,y (t) → 1 as t → ∞, there exists t 3 > 0 such that F w,y (t 3 ) > 1 − η. Since ϕ ∈ Φ w , there exists t 4 t 3 such that ϕ n (t 4 ) → 0 as n → ∞. So, for any t > 0, there exists n 1 ∈ N such that ϕ n (t 4 ) < t for all n n 1 . By (3.4) and (3.5), we deduce that for all t > 0 and n n 1 ,
So, F w,y (t) = 1 for all t > 0, that is w = y. This completes the proof.
In order to illustrate the contributions of Theorem 3.5, we provide the following example in which other theorems in [2, 4, 8 ] cannot be applied. By the similar argument to Example in [2] , (X, F, * ) is a Menger space. Let ϕ be as in Example 2.1, then φ ∈ Φ w but φ / ∈ Φ. Consider f, g : X → X defined by
It is easy to see that z = 0 and z ∈ [ 3 n +1 < t for all n n 2 . Therefore, for any t > 0 and ε ∈ (0, 1), we have that F f 1 3 n ,g0 (t) = 1 > 1 − ε for all n n 2 , which implies that f is strictly increasing on [0, ∞). From (3.6), we get for all t > 0,
i.e., (3.2) holds for N = 1.
Suppose that x, y ∈ [0, 1 2 ). Notice that
If |fx − fy| < ϕ(t), then F fx,fy (ϕ(t)) = 1 and so (3.2) holds for N = 1. If |fx − fy| ϕ(t), by (3.7), then t 1+t |x−y| 1+|x−y| , which implies that |x − y| t. It follows from (3.6) that F gx,gy (t) = t 2|x−y|+t . Therefore, for all t > 0,
i.e., (3.2) holds for N = 1. This shows that all the conditions of Theorem 3.5 are satisfied. Thus, f and g have a unique common fixed point, which is z = 0. However, other results of papers [2, 4, 8] can not be applied because (X, F, * ) is not complete. In fact, from (3.6), we know that for any ε > 0, |x − y| < ε iff F x,y (ε) = 1. Thus, it is easy to prove that {x n } is a Cauchy sequence in (X, d) iff {x n } is a T -Cauchy sequence in (X, F, * ), where
is not complete, we deduce that (X, F, * ) is also not complete.
Corollary 3.7. Let (X, F, * ), f, and g be the same as in Theorem 3.5. If there exists N ∈ N such that F fx,fy (α(t)t) * N F gx,gy (t) for all x, y ∈ X and t > 0, (3.8) where α : R + → [0, 1) is a piecewise monotone function, then f and g have a unique common fixed point.
Proof. Denote ϕ(t) = α(t)t. From the proof of Theorem 3.3 in [4] , ϕ ∈ Φ w . It follows from (3.8) that (3.2) holds. Therefore, we obtain the conclusion of this corollary by Theorem 3.5.
From the proof of Theorem 3.2 and Corollary 3.2 in [4] , we know that ϕ ∈ Φ w in the following results. So, we obtain the following results by Theorem 3.5 immediately.
Corollary 3.8. Let (X, F, * ), f, and g be the same as in Theorem 3.5. Let ϕ : R + → R + be a right-locally monotone function satisfying the condition (CBW). If there exists N ∈ N verifying the condition (3.2), then f and g have a unique common fixed point. Corollary 3.9. Let (X, F, * ), f, and g be the same as in Theorem 3.5. Let ϕ : R + → R + be a function satisfying the condition (BW): ϕ(t) < t and lim sup r→t + ϕ(r) < t for each t > 0. If there exists N ∈ N verifying the condition (3.2), then f and g have a unique common fixed point.
Taking g = I X (the identity mapping on X) in Theorem 3.5 and Corollaries 3.7-3.9, we obtain the following Corollaries 3.10-3.14.
Corollary 3.10. Let (X, F, * ) be a Menger space such that * is a continuous t-norm of H-type and let f : X → X be a mapping such that there exists a sequence {x n } ⊆ X verifying lim n→∞ fx n = lim n→∞ x n . If there exist ϕ ∈ Φ w and N ∈ N satisfying F fx,fy (ϕ(t)) * N F x,y (t) for all x, y ∈ X and t > 0, (3.9) then f has a unique fixed point z ∈ X, and {fx n } converges to z.
In order to illustrate the contributions of Corollary 3.10, we provide the following example in which other theorems in [2, 4, 8 ] cannot be applied. Example 3.11. Let (X, F, * ), f, and ϕ be the same as in Example 3.6. Consider a sequence { 1 3 n } n∈N and a point z = 0. By the similar argument to Example 3.6, all conditions of Corollary 3.10 are satisfied for N = 1. Thus, f has a unique fixed point z = 0. Corollary 3.12. Let (X, F, * ) and f be the same as in Corollary 3.10. If there exists N ∈ N such that F fx,fy (α(t)t) * N F x,y (t) for all x, y ∈ X and t > 0,
is a piecewise monotone function, then f has a unique fixed point z ∈ X, and {fx n } converges to z.
Corollary 3.13. Let (X, F, * ) and f be the same as in Corollary 3.10. Let ϕ : R + → R + be a right-locally monotone function satisfying the condition (CBW). If there exists N ∈ N verifying the condition (3.9), then f has a unique fixed point z ∈ X, and {fx n } converges to z.
Corollary 3.14. Let (X, F, * ) and f be the same as in Corollary 3.10. Let ϕ : R + → R + be a function satisfying the condition (BW). If there exists N ∈ N verifying the condition (3.9), then f has a unique fixed point z ∈ X, and {fx n } converges to z.
Using Theorem 3.5, we obtain the following fixed point result in usual metric spaces. Proof. Consider a mapping F : X × X → D + defined by (2.1). Since (X, d) is a metric space, by Lemma 2.7, we find that (X, F, min) is a Menger space. As f and g have the CLRg property in (X, d), there exists a sequence {x n } ⊆ X and a point z ∈ X such that fx n → gz and gx n → gz as n → ∞. So, for any t > 0, there exists n 3 ∈ N such that d(fx n , gz) t for all n n 3 . It follows from (2.1) that F fx n ,gz (t) = 1 for all n n 3 , which implies that fx n T − → gz in (X, F, min). Similarly, we get gx n T − → gz in (X, F, min). Therefore, f and g have the CLRg property in (X, F, min).
Next, we shall prove that the condition (3.10) implies (3.2). If F gx,gy (t) = 0 for all t > 0, then (3.2) trivially holds. If F gx,gy (t) = 1, then by (2.1) we find that d(gx, gy) t. Since ϕ is non-decreasing, it follows from (3.10) that d(fx, fy) ϕ(d(gx, gy)) ϕ(t). Since ϕ(t) > 0 for all t > 0, we have F fx,fy (ϕ(t)) = 1 = F gx,gy (t). Hence (3.2) holds. Using Theorem 3.5, we deduce that f and g have a unique common fixed point. [4] , respectively. Indeed, if N = 1 in (3.9), then f : X → X is a probabilistic ϕ-contraction. Our results show that the completeness condition of (X, F, * ) and (X, d) in [3, Theorems 3.1-3.3 and Corollaries 3.2 and 3.3] is not necessary. Note also that if N = 1 in our results, then the continuity of * is unnecessary.
